Abstract. The coincidence of a bifurcation point with a snap-through point is called hilltop buckling. In this paper, it either serves as the starting point -the Α -or as the end -the Ω -in sensitivity analysis of the initial postbuckling behavior of elastic structures. It is shown that hilltop buckling is imperfection sensitive. In sensitivity analyses with hilltop buckling as the starting point (end), the bifurcation point and the snap-through point are diverging from (converging to) each other. Two classes of sensitivity analyses are identified by means of the consistently linearized eigenproblem. They determine the more (or less) effective mode of conversion of an originally imperfection-sensitive into an imperfectioninsensitive structure. The results from the numerical investigation corroborate the theoretical findings. The present study is viewed as a step in the direction of better understanding the reasons for different modes of the initial postbuckling behavior of elastic structures and its interplay with the prebuckling behavior.
Introduction
The coincidence of a bifurcation point with a snapthrough point is called hilltop buckling (Fujii, Nogushi 2002) . It can be realized by appropriately tuning a set of design parameters of a structure (Steinboeck et al. 2008a) .
Assuming that hilltop buckling is imperfection sensitive, it may serve as the starting point -the Alpha -for sensitivity analysis of the buckling load and the initial postbuckling behavior by means of variation of a design parameter. The motivation for such an analysis may be improvement of this behavior through conversion of an originally imperfection-sensitive into an imperfectioninsensitive structure Schranz et al. 2006) . In the course of this analysis, the stability limit, represented by the bifurcation point, is increasing less strongly than the load corresponding to the snap-through point. Hence, the two points are diverging from each other.
Conversely, in sensitivity analysis the stability limit may be increasing more strongly than the snap-through load. In this case, the two load points are converging to each other. Their coincidence represents the end -the Omega -of sensitivity analysis of the buckling load and the initial postbuckling behavior because snap-through would otherwise replace bifurcation buckling as the relevant mode of loss of stability.
The purpose of this paper is to examine these two forms of sensitivity analyses of the buckling load and the initial postbuckling behavior. Examination tools include Koiter's initial postbuckling analysis (Koiter 1967 ) and the Finite Element Method (FEM).
It will be shown that hilltop buckling is imperfection sensitive. As a special form of transition from imperfection sensitivity to imperfection insensitivity, zero-stiffness postbuckling (Steinboeck et al. 2008b ) will be mentioned.
The investigation is restricted to static, conservative, perfect systems with a finite number N of degrees of freedom as conforms to the FEM. The material behavior is assumed to be either rigid or linear elastic. Only symmetric bifurcation behavior with respect to a scalar variable η will be considered (Steinboeck et al. 2008b) . Multiple bifurcation will be excluded, especially multiple hilltop buckling will not be discussed in this analysis, i.e. there is only one single secondary path will be considered. For a discussion on multiple hilltop branching phenomena and their influence on imperfection sensitivity refer to (Fujii, Noguchi 2002; Ohsaki, Ikeda 2006) . The numerical results of examples presented there corroborate the following theoretical findings. Sensitivity analysis will be restricted to variation of one design parameter at a time.
2. Derivation of polynomials 2.1. Koiter's initial postbuckling analysis Fig. 1 shows a projection of load-displacement paths of a system bifurcating at point C . The solid line represents the primary path, whereas the dashed line is a secondary path. The latter is parameterized by , η ∈ R defined as zero at C. Herein, the subscript C
• means evaluation of a quantity at .
C The reference load P is scaled by a dimensionless load factor λ , and u denotes the vector of generalized displacement coordinates.
In and Steinboeck et al. (2008b) Koiter's initial postbuckling analysis (Koiter 1967 ) was used to expand the out-of-balance force ( ) ( )
, : ,
where ( ) I F u denotes the internal forces, into an asymptotic series at C . For a static, conservative system, G can be derived from the potential energy function V as
G vanishes along equilibrium paths in the − λ u space.
( ) λ η is the load level at the point of the secondary path associated with , η as outlined in Fig. 1 . The point on the primary path characterized by the same load is described by the displacement vector
Quantities evaluated along the primary path are labeled by an upper tilde. The displacement at the corresponding point of the secondary path can be expressed as ( ) ( )
must hold along the secondary path. Insertion of the asymptotic series expansions
into (3) and expanding the resulting expressions into a series in terms of η yields ( )
where N denotes the set of natural numbers including zero. Details of computation of nC G are given in (Steinboeck et al. 2008b) . Fig. 1 . On Koiter's initial postbuckling analysis (Steinboeck et al. 2008) Since (3) must hold for any point along the secondary path, i. 
For the present investigation only the first four coefficients of the series expansion of ( ) λ η need to be known.
They are given as follows :
(11) where
whereas none of the other coefficients in the expressions for 3 λ and 4 λ depends on 2 , λ and 2 λ and 3 , λ respectively. To get an idea of the structure of the coefficients in (8)-(11), the expressions for 0
a are listed in the following ): 
is the one that refers to the special case of equilibrium states on the primary path. ( ) ,λ
• indicates the special differentiation with respect to λ along a direction parallel to the primary path . Most of the coefficients in (8)-(11) are given in . The remaining coefficients can be deduced from Appendix B in 
where the linear mapping :
R is an element of a symmetry group. Insertion of (4) into (21) yields
3.2. Specialization of (8)- (11) for symmetric bifurcation Substitution of (24) into (8)- (11) gives 
According to (Steinboeck et al. 2008b) , symmetric bifurcation requires
Hence, following from (27),
This corresponds with the result of a proof in (Steinboeck et al. 2008b) 
Conditions for imperfection insensitivity
A necessary condition for imperfection insensitivity is given as (Bochenek 2003 )
which is automatically satisfied for symmetric bifurcation. Sufficient conditions for imperfection sensitivity are (Bochenek 2003) :
Hence, symmetric bifurcation is not necessary for imperfection insensitivity (Helnwein 1997) .
is a necessary condition for imperfection insensitivity which is automatically satisfied for symmetric bifurcation. Sufficient conditions for imperfection insensitivity in this case are
Thus, for imperfection insensitivity the first nonvanishing coefficient in the asymptotic series expansion (4) must have an even subscript which is automatically the case for symmetric bifurcation, and must be positive.
Hilltop buckling
In the following it will be proved that hilltop buckling is imperfection sensitive. Introducing the parameter , ξ which refers to the primary path, into (16), gives
with C ξ = ξ indicating the stability limit
At the snap-through point, ( ) λ ξ has a local maximum:
Because of
the first term in parentheses of (36) is negligible. Thus
Because of 2 , , ξξ ξ λ λ with (37), 1 a has a pole of 2 nd order. Alternatively, the path parameter η , referring to the secondary path, is inserted into (16), which gives
with 0 η = , indicating the stability limit .
C λ = λ Equating the right-hand side of (40) to the one of (36) gives
where, for the time being, hilltop buckling is excluded. Inserting
which follows from (4), and
where 1 , 1 0.
In order not to a priori dismiss the antithesis, i.e. the possibility of imperfection insensitivity for hilltop buckling, the special case of
will be considered, resulting in
where
Following from (45), (47) and (48), 2 0 λ = requires
Extending now the validity of (47) 
To show that hilltop buckling is necessarily imperfection sensitive, a design parameter κ is increased. Initially,
The purpose of this sensitivity study is conversion of an originally imperfection sensitive into an imperfection insensitive structure. As follows from (45) and its extension to (51.1), and from (47) and (51.2),
If hilltop buckling occurs for 
(56) follows from the fact that for both cases
H κ = κ > κ It shows that also for this case hilltop buckling is imperfection sensitive.
Information about 4 λ is obtained from specialization of (28) for 2 1 a = −∞ and 2 0 λ < and consideration of the following scheme: order (with respect to a variable design parameter κ ), noting that the latter is a positive, finite number. The scheme is based on the hypothesis that (58) cannot disintegrate at hilltop buckling. Numerical results have validated the scheme according to which
Hilltop buckling as (a) the Α and (b) the Ω of sensitivity analysis
Eq. (59) corroborates the conjecture that for symmetric bifurcation at the hilltop all coefficients with an even subscript in the asymptotic series expansion (4) must be negative, finite numbers.
6. Classification of sensitivity analyses of the initial postbuckling behavior 6.1. Consistently linearized eigenvalue problem
With the help of the consistently linearized eigenvalue problem, sensitivity analyses of the initial postbuckling behavior can be categorized in two classes. For a specific value of κ , this eigenproblem is defined as (Helnwein 1997; Mang, Helnwein 1995) :
In (60), * ( ) λ − λ ∈ R is the eigenvalue corresponding to the eigenvector
Thus, a candidate for the stability limit is found (Helnwein 1997). The first eigenpair of (60) , .
(Recall that C λ and 1 v appear on the right-hand side of (4) and (5), respectively.) Furthermore, at the stability limit ,
Equating (47) to (16) gives
where ) , the same applies to 
where use of (19) 
as follows from (65 
For the special case of
The 
Class I
This class is characterized by
resulting in
This remarkable orthogonality relation represents the special case that the curve described by the vector func-
The signs of 1 a and 2 b are the same as for hilltop buckling. The sign of 4 3 d λ = which follows from (28) is indeterminate. For
For class I, (76) requires (Steinboeck et al. 2008a) , 1 · . , d λ , and 4 λ ) as functions of κ which denotes the stiffness of an elastic spring attached to the structure, details of which will be given in Chapter 7 (Numerical investigation). 
indicating that at 2 0 λ = the structure is already imperfection insensitive. For 3 2 ( 0) 0, d λ = < the structure would still be imperfection sensitive at 2 0 λ = . For 
Class II
In this class, (72) does not hold. Furthermore, contrary to class I,
jointly occurs with
and , * 1 1 0 (with · )
Substitution of (82) into (62.1) and of (82) and (83) into (62.2) gives , d λ , and 4 λ ) as functions of κ which denotes the stiffness of an elastic spring attached to the structure, details of which will be given in Chapter 7 (Numerical investigation). Fig. 4 refers to a situation where hilltop buckling represents the starting point of sensitivity analysis, characterized by 0 κ = .
(85) Substitution of (81) into (28) and into its first derivative with respect to κ gives, 2 2, 2, 2, 3 , 4 
Because of (82) and, contrary to Figure 3 (a), of (Fig. 4, 5 ). According to Fig. 4b ,
indicating that for 2 0 λ = the structure is still imperfection sensitive.
Following from (88.2)
( Fig. 4b, and 5b) . Fig. 4 is based on Fig. 5a(b) shows qualitative plots of 1 a and 2 b ( 2 3 , d λ , and 4 λ ) as functions of κ standing for the thickness of the structure, details of which will be given in Chapter 7 (Numerical investigation). The initial value of κ is denoted as 0 κ . The curves illustrate a situation where hilltop buckling represents the end of sensitivity analysis because snap-through would become relevant to loss of stability if κ was further increased. 
Furthermore, (86) 
Substitution of (81), (82), (88.1), and (91) into the second derivative of (28) with respect to κ yields (Fig. 5b) 3, 2 4, 2
At 2 0 λ = , there is no conversion from imperfection sensitivity into imperfection insensitivity. 2 0 λ = marks the starting point of deterioration of the initial postbuckling behavior accompanied by continued improvement of the prebuckling behavior.
Numerical examples
The numerical investigation consists of one example each for the two classes of sensitivity analyses of the initial postbuckling behavior. In the example for class I (II), hilltop buckling is chosen as the starting point (end) of such sensitivity analysis. The example for class I (II) is solved analytically (numerically by the FEM). Fig. 6 shows a planar, static, conservative system with two degrees of freedom. The description of this system closely follows (Steinboeck et al. 2008a) where additional details can be found. Both rigid bars, 1 and 2 have the same length L and in the non-buckled state they are in-line. The bars are linked at one end and supported by turning-and-sliding joints at their other ends. A horizontal linear elastic spring of stiffness k and a vertical linear elastic spring of stiffness k κ are attached to turning-and-sliding joints. A spring of stiffness k µ "pulls" the two bars back into their in-line position. The system is loaded by a vertical load P λ at the vertical turningand-sliding joint. The two displacement coordinates are the angles 1 u and 2 , u summarized in the vector 1 2
Example for class I
[ , ] .
In order to write the out-of-balance force G in the structure as defined in (1), other coordinates would have to be chosen. In fact, the angle 1 u would have to be replaced by the vertical position of the upper turning-and-sliding joint. This would only require a simple coordinate transformation. For convenience, however, the angle 1 u was chosen as a coordinate. The unloaded position, delineated in gray, is defined by
This system was first investigated in and later on in (Steinboeck et al. 2008) .
The potential energy expression follows as ( ) 
The equilibrium equations 
Since a perfect system is assumed, the sign of 2 u is indeterminate, i.e. it is not known into which direction the two bars will buckle. The tangent-stiffness matrix follows as 
Its derivative with respect to λ can be computed by
where ,λ % u is the derivative of the displacement vector along the primary path, which can be determined from the linear equation
The expression for , T λ % K looks similar to (97). For the sake of conciseness, it has been omitted. Hence, all terms necessary for solving the eigenproblem (60) are available. Fig. 6 . Pin-jointed two-bar system (Steinboeck et al. 2008a) 10 ( /2, /2), u ∈ −π π + µ ∈ R and + κ ∈ R are parameters that can be varied in order to achieve qualitative changes of the system. However, in this work, only κ was modified. The remaining two parameters were taken as 3/5 µ = and 10 0.67026, u = in which case hilltop buckling occurs for 0 κ = representing the starting point of sensitivity analysis of the buckling load and the initial postbuckling behavior. The load-displacement path for hilltop buckling and its projection onto the plane 2 0 u = are shown in Figs 7a and 7b, respectively. S labels the unloaded state. As the load is increased, the state will move up along the primary path until C D = is reached. In case of a load-controlled system, snap-through will occur. However, a displacement-controlled system would bifurcate and the state would traverse one branch of the secondary path. 
Thus, 4 2 . λ ∝ λ For 0 κ = (hilltop buckling), this system is imperfection sensitive 2 ( 0), λ < and C λ exceeds the ultimate load of any imperfect system. Increasing the parameter , κ i.e. the stiffness of the vertical spring, improves the postbuckling behavior insofar as 2 λ eventually begins increasing monotonically. The system is imperfection insensitive for /4. κ > µ Fig. 7c refers to the transition case / 4. κ = µ
Remarkably, C λ = λ holds along the whole postbuckling path, which requires {0} 0
This situation is referred to as zero-stiffness postbuckling. In contrast to the present example, where zero-stiffness postbuckling is a special case of symmetric bifurcation, it may also be a special case of antisymmetric bifurcation Steinboeck et al. 2008) . However, this special case is of little practical interest because it does not represent a transition from imperfection sensitivity to imperfection insensitivity.
As κ is further increased, the critical displacement at the beginning of monotonically increasing prebuckling paths approaches 0. Eventually, at 10 1 cos( ), u κ = − the two turning points meet at , = 0 u where the primary path exhibits a saddle point .
D This situation is shown in Fig. 7d. A comparison of Fig. 7b, c, d shows that the bifurcation point C is increasing less strongly with increasing κ than the snap-through point .
D Hence, the two points are diverging from each other. Fig. 8 shows a shallow cylindrical shell subjected to a point load at the center. It contains the geometric data as well as values for the modulus of elasticity E and the shear modulus .
Example for class II
G The reference load 1000 kN P = is scaled by a dimensionless load factor .
λ The description of sensitivity analysis of the initial postbuckling behavior of the shell is based on where this structure was previously investigated and where additional details can be found.
In contrast to the first example, Koiter's initial postbuckling analysis was not used to compute post-buckling paths for this example. Instead of it, prebuckling and postbuckling analyses were performed by means of the FEM, using the finite element program MSC.Marc (MCS.MARC 2005 ) .
The parameter κ that is varied in the course of sensitivity analysis of the initial postbuckling behavior of the shell is the thickness. The initial value 0 κ was chosen as 5.35 cm. Load-displacement paths for 5.35 cm, κ = 6.35 cm, 7.35 cm, and 8.10 cm are shown in the left part of Fig. 9 where u denotes the displacement of the load point. The right part of Fig. 9 contains details of corresponding plots of the left part.
For each one of the four values of κ considered, the structure is imperfection sensitive. For the thinnest shell ( 5.35 cm κ = ), the slope of the postbuckling path at the stability limit is negative whereas the curvature is positive. The postbuckling path has a minimum followed by a maximum. For the second thinnest shell ( 6.35 cm κ = ), the slope of the postbuckling path at the stability limit is approximately zero, i.e. 2 0 λ ≈ . According to Fig. 5b, for 2 
0, 0, and 0.
κ κκ λ = λ = λ = Because of the negative curvature of the postbuckling path at the stability limit, the first non-vanishing coefficient of (4), which because of symmetric bifurcation must have an even subscript, is negative. For the second thickest shell ( 7.35 cm κ = ) and the thickest shell ( 8.10 cm κ = ), both the slope and the curvature of the postbuckling path are negative at the stability limit. For the thickest shell, hilltop buckling occurs. It represents the end of sensitivity analysis of the initial postbuckling behavior of the shell, because loss of Fig. 8 . Shallow cylindrical shell subjected to a point load at the center stability would occur by snap-through if the thickness of the structure was further increased.
A comparison of the plots in Fig. 9 shows that the bifurcation point C is increasing more strongly with increasing κ than the snap-through point D . Hence, the two points are converging to each other. This comparison also shows that 2 0 λ = marks the starting point of deterioration of the initial postbuckling behavior accompanied by continued improvement of the pre-buckling behavior, characterized by Fig. 9 elucidates that the increase of the thickness of the shell does not result in a transition from imperfection sensitivity to imperfection insensitivity.
Conclusions
• It was shown that hilltop buckling is imperfection sensitive.
• It is conjectured that for symmetric bifurcation all non-vanishing coefficients in the asymptotic series expansion for the load level at an arbitrary point of the secondary path (see (4)) are negative, i.e.
This conjecture is based on a hypothesis representing the generalization of a scheme that was validated numerically for the special case of 4 λ (see (58)). Verification of this conjecture is planned.
• Hilltop buckling as the starting point -the Α -of sensitivity analysis of the initial postbuckling behavior of elastic structures is characterized by 2, 0,
where κ is a design parameter that is increased in the course of the analysis. It marks the starting point of an improvement of the initial postbuckling behavior of the structure, accompanied by an improvement of the prebuckling behavior. The bifurcation point and the snapthrough point are diverging from each other.
• Hilltop buckling as the end -the Ω -of such sensitivity analysis is characterized by 2, 0, κ λ < with
It is preceded by a deterioration of the initial postbuckling behavior of the structure, accompanied by an improvement of the prebuckling behavior. Hilltop buckling represents the end of sensitivity analysis because snap-through would become relevant to loss of stability if κ was further increased. The bifurcation point and the snapthrough point are converging to each other.
• Two classes of sensitivity analyses of the initial postbuckling behavior of elastic structures were identified. Class I is characterized by a remarkable orthogonality condition derived from the so-called consistently linearized eigenproblem (see (60)). It may be viewed as a special case of class II for which this condition does not hold. In mechanical terms, for the first class the decisive eigenvector of the eigenproblem, describes a general motion. Hence, it is conjectured that class I is restricted to relatively simple problems.
•
The two classes of sensitivity analyses determine the mode of conversion of an originally imperfection-sensitive into an imperfection-insensitive structure. Such a conversion is the true motivation for this type of sensitivity analyses.
• For class I, there is no restriction on the sign of ( ) 4 2 0 . λ λ = Hence, for 2 0 λ = , the structure may either be already imperfection insensitive or still imperfection sensitive. As a special case, zero-stiffness postbuckling may occur (Fig. 7b ).
• (Fig. 5b) . For the second case there is no transition from imperfection sensitivity into imperfection insensitivity. Thus, the increase of the thickness of a structure, while improving its prebuckling behavior, does not result in such a transition. For class II, 2 0 λ = correlates with a singular point in form of a cusp on the curve described by the vector function • The present investigation is viewed as a step in the direction of better understanding the reasons for the initial postbuckling behavior of a particular elastic structure and of its interplay with the prebuckling behavior. Such understanding will help to avoid the design of structures with unfavorable postbuckling characteristics. In this sense, the present study is aimed at changing the widespread opinion about postbuckling as a structural feature that can hardly be influenced.
